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Introduction 



The classical Lefschetz-Menger-Nobeling-Pontrjagin-Tolstova Embedding Theo- 
rem asserts that each n-dimensional compact metric space embeds into the {2n + 1)- 
dimensional Euclidean space R^"+^. A parametric version of this result was proved 
by B.Pasynkov |Pal) : any n-dimensional map p : K ^ M between metrizable com- 
pacta with dimM = m embeds into the projection prj^^ : M x K2n+i+m _^ -^^ 
the sense that there is an embedding e : K M x R2n+i+m p^^^ o e = p. 
We recall that a map p : X Y is n- dimensional if dimp^^(y) < n for all y G y 
(0-dimensional maps are called sometimes light maps). 

The key ingredient of Pasynkov's proof consists in constructing a map / : 
K ^2rL+i+m ii^^i jg injective on each fiber p~-^{y), y e M, of p. Actually, 
Pasynkov proved that the set of all such maps is dense and Gs in the function 
space C{K, R2"+i+"i). 

In this paper we introduce the m-DD"-property and show that the Pasynkov re- 
sult remains true jf ]g2n+i+m replaced by any completely metrizable LC™^"-space 
X possessing this property. Let us note that the TO-DD"-property is a parametric 
version of the classical disjoint 71-disks property DD"P which plays a crucial role 
in characterizing finite and infinite-dimensional manifolds, see [Wgj. We shall also 
give convenient "arithmetic" tools for establishing the m-DD"-property of prod- 
ucts and obtain on this base simple proofs of some classical and recent results 
on (fiber) embeddings. In particular, the Pasynkov theorem mentioned above, as 
well as the results of P. Bowers |Bowj and Y. Sternfeld [Ste^ on embedding into 
product of dendrites follow from our general approach. Moreover, the arithmetics 
of the m-DD^"'*''^-properties established in our paper generalizes some results of 
W. MitcheU [WM, . R. Daverman [Dal] and D. Halverson Ha]], [DH] . 

1. Survey of Principal Results 

Throughout the paper m,n,k will stand for non- negative integers or 00. We 
extend the arithmetic operations from u = {0, 1,2,...} onto w U {00} letting 00 = 
oo-l-oo = oo-|-n = n+00 = 00 — n for any n G w. I denotes the unit interval [0, 1] and 
Q the set of rational numbers on the real line K. By a simplicial complex we shall 
always mean the geometric realization of an abstract simplicial complex equipped 
with the CVF-topology. All topological spaces are assumed to be Tychonoff and all 
maps continuous. 
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By an ANR-space we mean a metrizable space X which is a neighborhood retract 
of every metrizable space M containing X as a closed subspace. It is well-known 
(see |Bors| or jHu| ) that a metrizable space X is an ANR if and only if it is an 
ANE[oo] for the class of metrizable spaces. We recall that a space X is called an 
ANE[n] for a class C of spaces if every map f : A ^ X defined on a closed subset 
of a space C € C with dim C < n can be extended to a continuous map f : U ^ X 
defined on some neighborhood U of A in X. 

Following [EWj . we define a subset A of a space X to be relative LC" in X if 
given X G X , k < n + 2, and a neighborhood U of x there is a neighborhood V C U 
of X such that each map / : dl'' AdV extends to a map f : f ^ U H A. A 
space X is an LC"-space if it is relative LC" in X. According to [Hu, V.2.1], a 
metrizable space X is LC" for a finite number n if and only if X is ANE[n + 1] for 
the class of metrizable spaces. 

1.1. m-DD"-property and fiber embeddings. We recall that a space X has 
DD"P, the disjoint n-disks property, if any two maps f,g : I" — > X from the n- 
dimensional cube I" — [0, 1]" can be approximated by maps with disjoint images. A 
parametric version of this property says that the same can be done for a continuous 
family fz,gz ; I" — > X of maps parameterized by points z of some space M. More 
precisely, given a compact space M, we shall say that a space X has the M- 
parametric disjoint n-disk property (briefly, the M-DY)" -property) if any two maps 
f,g : M X X can be uniformly approximated by maps f , g' : M x P ^ X 

such that for any z G M the images f'{{z} x I") and g'{{z} x I") are disjoint. 

We are mostly interested in the particular case of this property with M = I™ 
being the m-dimensional cube. In this case we write m-DD" instead of I^-DD". 
In the extremal cases when m or n is zero, the m-DD"-property turns out to be 
very familiar. Namely, the 0-DD"-property is nothing else but the classical disjoint 
n-disks property, while the m-DD'^-property is well-known to specialists in fixed 
point and coincidence theories: a space X has the m-DD^-property iff any two 
maps /, (7 : I"* — AT can be approximated by maps with disjoint graphs! 

It is well known (see |To2j or |Ed| ) that all one-to-one maps from a metrizable n- 
dimensional compactum K into a completely metrizable LC"~ -space X possessing 
the DD"P-property form a dense G^-set in the function space C{K,X). Our first 
principal result is just a parametric version of this embedding theorem. 

Theorem 1. A completely metrizable LC"^^" -space X has the m-DJ}^^ -property if 
and only if for every perfect map p : K ^ M between finite-dimensional metrizable 
spaces with dimM < m and dim(p) < n the function space C(K,X) contains a 
dense Gs-set of maps f : K X that are injective on each fiber p~^{z), z G M. 

The function space C{K,X) appearing in this theorem is endowed with the 
source limitation topology whose neighborhood base at a given function / e C{K, X) 
consists of the sets 

Bp{f,e) ^ {g e C{K,X) : p{g,f) < e}, 

where p runs over all continuous pseudometrics on X and e : K — (0,00) runs 
over continuous positive functions on K. Here, the symbol p{f, g) < £ means that 
p{f{x),g{x)) < e{x) for all x G K. To the best of our knowledge, the notion of 
source limitation topology was introduced in the literature (see for example, |Kr) . 
[Muj . |Mc) ) only for metrizable spaces X. In such a case, for a fixed compatible 
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metric p on X, the sets Bp{f,e), e G C{K, (0,oo) and / G C{K,X), form a base 
for a topology Tp on C{K,X). If K is paracompact, then the topology Tp does 
not depend on the metric p [Krj . Moreover, 7^ has the Baire property provided 
K is paracompact and X is completely metrizable |Mul . According to Lemma ?? 
below, Tp coincides with the topology obtained from our definition provided K 
is paracompact and X metrizable. Therefore, the source limitation topology on 
C{K,X) also has the Baire property when K is paracompact and X is completely 
metrizable. In the sequel, we will use our more general definition (in terms of 
pseudometrics) and, unless stated otherwise, all function spaces will be considered 
with this topology. 

In fact, finite-dimensionality of the spaces K, M in Theorem[T]can be replaced by 
the C-space property. We recall that a topological space X is defined to be a C -space 
if for any sequence {V„ : n G cj} of open covers of X there exists a sequence {Un ■ n £ 
a;} of disjoint families of open sets in X such that each Un refines V„ and y_}{lAn ■ n e 
w} is a cover oi X. It is known that every finite-dimensional paracompact space (as 
well as every hereditarily paracompact countable-dimensional space) is a C-space 
and normal C-spaces are weakly infinite-dimensional, see |Enl| §6.3]. 

Theorem 2. A completely metrizable locally contractihle space X has the m-DD"- 
property if and only if for every perfect map p : K ^ M between metrizable C- 
spaces with dimM < ni and dim(p) < n the function space C{K,X) contains a 
dense Gg-set of maps f : K ^ X that are injective on each fiber p^^{z), z G M. 

1.2. A-dimension of maps. There is a natural temptation to remove the dimen- 
sional restrictions on the spaces K, M from Theorems [T] and [2j This indeed can 
be done if we replace the usual dimension dim(p) of the map p with the so-called 
A-dimension dim/x{p) (coinciding with dim(p) for perfect maps p between finite- 
dimensional metrizable spaces.) 

By definition, the A-dimension dimA(p) of a map p : X ^ Y between Tychonoff 
spaces is equal to the smallest cardinal number r for which there is a map g : X ^ V 
such that the diagonal product fAg : X ^ Y xV is a light map. The A-dimension 
dimA(p) is a well-defined cardinal function non-exceeding the weight w{X) of X 
(because we always can take g to be an embedding in the Tychonoff cube I"'^'^)). 

The following important result describing the interplay between the dimension 
and A-dimension of perfect maps is actually a reformulation of results due to 
B. Pasynkov [Pa2] . M. Tuncah, V. Valov (Tg, and M. Levin [Li^, see Section ??. 

Proposition 1. Let f : X ^ Y be a perfect map between paracompact spaces. 
Then 

(1) dim(/)<dimA(/); 

(2) dimA(/) = if and only if f is a light map; 

(3) dim A (/) < Lu if X is submetrizable: 

(4) dimA(/) = dim(/) if X is submetrizable and Y is a C-space; 

(5) dimA(/) < dim(/) + 1 if the spaces X, Y are compact and metrizable. 

We recall that a topological space X is submetrizable if it admits a continuous 
metric (equivalently, admits a bijective continuous map onto a metrizable space). 
The following theorem is a version of Theorem [T] with dim(p) replaced by dimA(p). 

Theorem 3. A completely metrizable ANK-space X has the m-DD" -property if 
and only if for every perfect map p : K M between submetrizable paracompact 



4 



TARAS BANAKH AND VESKO VALOV 



spaces with dimAf < m and dimA{p) < n the function space C{K,X) contains a 
dense Gs-set of maps f : K ^ X that are injective on each fiber p^^{z), z G M . 

1.3. The r7i-DD"-property and a general fiber embedding theorem. In fact, 
it is more convenient to work not with the m-DD"-property, but with its homo- 
topical version defined as follows: 

Definition 1. A space X has the m-DD" -property if for any open cover U oi X 
and any two maps /, (; : I™ x I" — ^ X there are maps f',g' -.1"^ xP ^ X such that 

• /' is Z//-homotopic to /; 

• g' is Z//-homotopic to g; 

• f'i{z} X r) n g'{{z} X r) = for aU z £ I™. 

We recall that two maps f,g : K ^ X are said to be U -homotopic (briefly, 
f ^ g), where W is a cover of X, if there is a homotopy h : K x [0,1] ^ X such 

that for every x £ K we have h{x, 0) = f{x), h{x, 1) = g{x) and h{{x} x [0, 1]) is 
contained in some U £lA. It is clear that any ^//-homotopic maps f,g:K^X are 
U-near (i.e., for each point z £ K the set {f{z),g{z)} lies in some U S U). 

The notion of a Z^-homotopy has a pseudometric counterpart. Given a continuous 
pseudometric p on X and a continuous map e : K ^ (0,cxd) we shall say that two 
maps f,g:K^X are e-homotopic if there is a homotopy h : K x [0,1] X such 
that h{z,0) = f{z), h{z,l) = g{z) and diamp(/i({z} x [0,1]) < e{z) for ah z £ K. 
In this case h is called an e-homotopy. 

The relation between the m-DD"-property and its homotopical version is de- 
scribed by next proposition. 

Proposition 2. Each space X with the m-DD" -property has the m-DD^'' -property. 
Conversely, each LC"^™ -space X possessing the m-DT)"^ -property has the m-DD"- 
property. 

Proposition [2] follows from the well-known property of LC"-spaces which asserts 
that for any open cover U of an LC"-space X with n < oo there is another open 
cover V of X such that two maps /, g : I" — ?> X are ZY-homotopic provided they are 
V-near, see Lemma ??. 

Thus, in the realm of LC™^"-spaces both the m-DD"-property and the m-DD"- 
property are equivalent. The advantage of the m-DD"-property is that it works for 
spaces without a nice local structure, while the m-DD"-property is applicable only 
for LC'^-spaces with sufficiently large k. In particular, using the TO-DD"-property, 
we can establish the following general result implying Theorems [1] [2] and \3\ 

Theorem 4. Let p : K ^ M be a perfect map defined on a paracompact sub- 
metrizable space K . If a subspace X of a completely-metrizable space Y possesses 
the m-DT)^^ -property for m = dimM and n = dimA(p), then 

£(p, Y) ^{f e C{K, Y) : pA/ : K ^ M x Y is an embedding} 

is a Gs-set in C{K,Y) whose closure £{p,Y) contains all simplicially factorizable 
maps from K to X . More precisely, for any continuous pseudometric p on Y , a 
continuous function e : K ^ {0, -\-oo) and a simplicially factorizable map f : K 
X there is a map g £ £{p, Y) and an e-homotopy h : K x [0,1] ^ Y connecting f 
and g so that h{K x [0, 1)) C X . 
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A map / : A' — > X is called simplicially factorizable if there exist a simplicial 
complex L and maps a : K ^ L and (3 : L ^ X such that f — /3 o a. It turns out 
that in many important cases simplicially factorizable maps form a dense set in the 
function space C{K,X). To describe such cases, we need the notion of a Lefschetz 
ANE[n]-space that is a parameterized version of a space satisfying the Lefschetz 
condition, see |Bors| V.8]. 

Let U he a cover of a space X and K he a simplicial complex. By a partial 
U -realization of K in X we understand any continuous map f : L ^ X defined 
on a geometric subcomplex L <Z K containing all vertices of K and such that 
diam/(cr D L) <U for every simplex a oi K. li L — K, then the map / is called a 
full U -realization of K in X. 

A topological space X is defined to be a Lefschetz ANE[n] if for every open cover 
U oi X there is an open cover V of X such that each partial V-realization f : L ^ X 
of a simplicial complex K with dim K < n can he extended to a full ^//-realization 
f :K ^ X oiK. 

Lefschetz ANE[n]-spaces are tightly connected with both ANR's and LC"-spaces 
and have all basic properties of such spaces. 

Proposition 3. Let n be a non-negative integer or infinity. 

(1) A metrizable space X is a Lefschetz ANE[n] if and only if X is an ANE[n] 
for the class of metrizable spaces; 

(2) If n is finite, then a regular (paracompact) space X is a Lefschetz ANE[n] 
{if and) only if X is LC"~ ; 

(3) Each convex subset X of a (locally convex) linear topological space L is a 
Lefschetz ANE[ri] for any finite n (is a Lefschetz ANE[oo]); 

(4) There exists a metrizable a-compact linear topological space that fails to be 
a Lefschetz ANE[oo]; 

(5) A neighborhood retract of a Lefschetz ANE[n]-space is a Lefschetz ANE[n]- 
space; 

(6) A functionally open subspace of a Lefschetz ANE[n] is a Lefschetz ANE[n]; 

(7) A topological space X is a Lefschetz ANFi[n\ if X has a uniform open cover 
by Lefschetz ANE [rt] -spaces; 

(8) A metric space (X, p) is a Lefschetz ANE[n] if for every e > there is S > 
such that each partial Bp{6) -realization f : L ^ X of a simplical complex 
K with dimK < n extends to a full Bp{e) -realization f : K ^ X of K in 
X; 

(9) For each continuous pseudometric rj on a paracompact Lefschetz ANE[n]- 
space X there is a continuous pseudometric p > rj such that for every 
r € (0,1/2] each partial 'Dp{r/ 8) -realization f : L ^ X of a simplical 
complex K with iXimK < n extends to a full Vp^r) -realization f : K ^ X 
of K in X ; 

(10) Each map f : X ^ Y from a paracompact Lefschetz ANE[n] -space to a 
metrizable space Y factorizes through a metrizable Lefschetz ANE[n] -space 
Z in the sense that f = g o h for some maps h : X —> Z and g : Z ^ Y . 

Here by 'Dp{e) we denote the cover of a metric space {X,p) by all open sets of 
diameter < e. With the notion of Lefschetz ANE[?i]-space at hands, we can returns 
to simplicially factorizable maps. 
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Proposition 4. Simplicially factorizable maps from a paracompact space K into 
a Tychonoff space X form a dense set in the function space C{K,X) if one of the 
following conditions is satisfied: 

(1) X is a Lefschetz ANE[k] for k = dim if; 

(2) K is a C-space and X is a locally contractible paracompact space. 

Observe that Theorem [U [21 and [3] fohow immediately from Theorem |4] and 
Propositions [H [3] and [TJ 

Combining Theorem 2] with PropositionsSl^l), [31[2) and[Ij4), we obtain another 
generahzation of Theorem [T] 

Theorem 5. Let p : K AI be a perfect map between finite- dimensional paracom- 
pact spaces with K being submetrizable. If X is a completely metrizable LC''^^ -space 
possessing the m-DW^ -property , where k — dim if, m = dimM and n = dim(p), 
then the function space C{K,X) contains a dense Gg-set of maps infective on each 
fiber of p. 

1.4. Approximating perfect maps by perfect PL-maps. The proof of Theo- 
rem 3] heavily exploits the technique of approximations by PL-maps. By a PL-map 
(resp., a simplicial map) we understand a map f : K ^ M between simplicial 
complexes which maps each simplex a oi K into (resp., onto) some simplex r of M 
and / is linear on a. 

Theorem 6. If p : X ^ Y is a perfect map between paracompact spaces, then for 
any open cover U of X there exists an open cover VofY such that for any V-map 
l3 : Y ^ M into a simplicial complex M there are an lA-map a : X ^ K into a 
simplicial complex K and a perfect PL-map f : K M with f o a — (3 o p and 
dimA(/) = dim(/) < dimA(p). 

Since for each open cover V of a paracompact space Y there is a V-map /3 : y — > 
M into a simplicial complex of dimension dimM < dimF, Theorem [5] implies the 
following approximation result. 

Corollary 1. If p : X Y is a perfect map between paracompact spaces, then for 
any open covers lA and V of X and Y , respectively, there exist a lA-map a : X ^ K 
into a simplicial complex K of dimension dim A' < dimK + dun/s^iji), a V-map 
l3 : Y ~> AI to a simplicial complex M of dimension dimM < dimK, and a perfect 
PL-map f : K ^ M of dimension dim(/) < dimA(p) making the following diagram 
commutative: 



'[ 1' 

Y — ^ M 

For light maps p : X ^ Y between metrizable compacta this corollary was 
proved by A.Dranishnikov and V.Uspenskij in [DUj and for arbitrary maps between 
metrizable compacta by Yu.Turygin [Tu]. 

1.5. TO-DD^"''^^-properties. Because of the presence of the m-DD"-property in 
Theorems IIHSI it is important to have convenient methods for detecting that prop- 
erty. To establish such methods, we introduce the following three-parametric ver- 
sion of m-DD". 
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Definition 2. A space X is defined to have the m-DD^^^''^^ -property if for any 
open cover U of X and two maps / : I™ x I" — ^ X, g : I'" x l'^ ^ X there 
exist maps /' : T" xP ^ X, g' : I™ xt ^ X such that /' - /, - 5, and 

hi t4 

/'({z} X r) n g'{{z} xV') = for aU z e I". 

we shall denote the class of all spaces with the m-DD'f"''^^- 
property. It is clear that the m-DD"-property coincides with the m-DD''"'"^- 
property. If some of the numbers m, n, k are infinite, the detection of the m-DD^"'*^''- 
property can be reduced to the detection of m-DD^"''^'^ with finite m,n, k. 

Proposition 5. A Tychonoff space X has the m-DT)^^'''^ -property if and only if 
it has the a-DD^^''^^ -property for all a < m -\- 1, b < n -\- 1, c < k -\~ 1. 

The proof of Theorem 2] is based on the following simplicial characterization of 
the m-DD^"''''^-property. 

Theorem 7. A submetrizable space X has the m-DT)^"''^^ -property if and only if 
for any 

• simplicial maps pn ■ N — M, pK : K ^ M between finite simplicial 
complexes with dimM < m, dim(pAr) < n, dini(pif) < k, 

• open cover lA of X , and 

• maps f : N ^ X , g : K ^ X , 

there exist maps f':N-^X,g':K^X such that f'^f,g'^g and, for every 
z £ M we have f'{p^^[z)) n g'{PK^[z)) = 0. 

Using the above simplicial characterization, we can establish the local nature of 
the m-DD'f"''^^-property. 

Proposition 6. Let m,n,k be non-negative integers or 00. 

(1) // a space X has the m-DD^^^'''^ -property, then each open subspace of X 
also has that property. 

(2) A paracompact submetrizable space X has the m-DD^"''''^ -property if and 
only if it admits a cover by open subspaces with that property. 

The m-DD^"''''^-property is also preserved by taking homotopically n-dense sub- 
spaces. We define a subset A of a topological space X to be homotopically n-dense 
in X if the following conditions are satisfied: 

• for every map / : I" — > X and an open cover U of X there is a map 
/' : I" — A that is iY-homotopic to /; 

• for every open cover U of X there is an open cover V of X such that if two 
maps /, (7 : I" — > A are V-homotopic in X, then they are ZY-homotopic in 
A. 

By Theorem 2.8 of jTolj . each dense relative LC"-subset X of a metrizable space X 
is homotopically n-dense in X. The following useful proposition follows immediately 
from the definitions and the mentioned theorem of Toruhczyk. 

Proposition 7. A homotopically max{m + n,m -\- k}-dense subspace X of a topo- 
logical space X has the m-DD^"^''^^ -property if and only if X has that property. Con- 
sequently, a dense relative LC"^^"^^^^^''''^ -set X in a space X has the m-DD^"''^^- 
property if and only if X has that property. 
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This fact will be often applied in combination with Proposition 2.8 from |DM| 
asserting that each metrizable LC"-space X embeds into a completely metrizable 
LC"-space X as a dense relative LC"-set. The last assertion enable us to apply 
Baire Category arguments for establishing the m-DD^"''^^-properties in arbitrary 
(not necessary complete) metric spaces. 

Next, we elaborate tools for detecting the m-DD^"''^^-properties. Recall that a 
space X has no free arcs if X contains no open subset, homeomorphic to a non- 
empty connected subset of the real line. In particular, a space without free arcs 
has no isolated points. 

Proposition 8. (1) A topological space X has the Q-DT)^^''^^ -property if and 
only if each path- connected component of X is non- degenerate. 

(2) An LC'^ -space X has the O-DD^^'^^ -property if and only if X has no isolated 
point. 

(3) A metrizable h& -space X has the 0-'DD^°-^'> -property iff X has the 1-DD{'3'°>- 
property iff X has no free arc. 

(4) Any metrizable hC^ -space X with the -property and dim X < n 
has the 0-DD^'^'°°^ -property. 

(5) A Polish ANE[max{n, fc} + l]-space X has the -property if and 
only if there are two disjoint dense cr-compact subsets A, B of X such that 
A is relative LC"""'^ and B is relative LC*^^^ in X . 

Items 3 and 4 of Proposition |8] imply that each one dimensional LC^-space with- 
out free arcs has the 0-DD^'^'°°^-property. In particular, each dendrite with a dense 
set of end-points has that property. 

The last item of Proposition|8]is a partial case of a more general characterization 
of the m-DD{"^''> -property in terms of mapping absorption properties. 

Let M, X be topological spaces. We shall say that a subset A c M x X has 
the absorption property for n-dimensional maps in M (briefly, M-MAP") if for any 
n-dimensional map p : K ^ M with K being a finite-dimensional compact space, a 
closed subset C C K, a map f : K ^ X, and an open cover U oi X there is a map 
f : K ^ X such that /' is Z./-homotopic to /, f'\C = f\C and {pAf'){K\C) C A. 
If M = I™, then we write m-MAP" instead of I^-MAP". 

Theorem 8. Let m, n, k be non-negative integers or infinity and d = 1 + m + 
max{n, fc}. A {Polish ANE[d]-)space X has the m-DD^"'''^ -property if {and only 
if) for any separable polyhedron M with dim M < m there are two disjoint {cr- 
compact) sets E,F d M X X such that E has M-MAP" and F has M-MAP''. 

Let us observe that the existence of such disjoint sets A, B is not obvious even 
for a dendrite with a dense set of end-points. Such a dendrite D has the l-DD'f*''°^- 
property and thus the product I x D contains two disjoint cr-compact subsets with 
1-MAP°. 

1.6. A Selection Theorem for Z„-set- valued functions. Many results on m-DD^' 
properties are based on a selection theorem for Z„-valued functions, discussed in 
this subsection. 

A subset A of a topological space X is called a {homotopical) Z„-set in AT if A 
is closed in X and for any an open cover U X and a map / : I" — )■ A there is 
a map g : I" — > A such that g{I") O A — and g is U-neai (Z//-homotopic) to /. 
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Each homotopical Z„-set in a topological space X is a Z„-set in X . The converse 
is true if X is an LC"-space, see Theorem [TSl 

A set-valued function $ : X ^ y is defined to be compactly semi- continuous if 
for every compact subset K <zY the preimage <^~^[K) = {x & X : cl?(x) fl -ftT 7^ 0} 
is closed in X. 

Theorem 9. Let : X ^ Y he a compactly semi- continuous set-valued function 
from a paracompact C-space X into a topological space Y , assigning to each point 
X G X a homotopical Zn-set ^{x), where n — dimX < co. If X is a retract 
of an open subset of a locally convex linear topological space, then for any map 
f : X ^ Y and any continuous pseudometric ponY there is map f':X^Y such 
that f'{x) ^ for all x € X and f is 1-homotopic to f with respect to p. 

In particular, the theorem is true for stratifiable ANR's X (which are neighbor- 
hood retracts of stratifiable locally convex spaces, see [Si]). 

1.7. Homotopical Z„-sets and m-DD'f"''^ ''-properties. It turns out that homo- 
topical .^„-sets are tightly connected with the 7n-DD^"''^'-properties. A point x of 
a topological space X is called a (homotopical) Zn-point if the singleton {x} is a 
(homotopical) Z„-set in X. By Zn{X) we shall denote the set of all homotopical 
Z„-points of a space X . 
Let 

• Zn be the class of Tychonoff spaces X with Zn{X) — A"; 

• Zn be the class of Tychonoff spaces X with Z„(A) — X\ 

• AZ„ be the class of Tychonoff spaces X whose diagonal Ax is a homotopi- 
cal Zn-set in X^\ 

For example, R"+i £ Z„ n AZ„. 

Besides the classes of spaces related to Z-sets, we also need some other (more 
famihar) classes of topological spaces: 

• Br, the class of metrizable separable Baire spaces, 

• 11°, the class of Polish spaces, and 

• LC", the class of all LC"-spaces. 

Theorem 10. Let m,n, k be non-negative integers or infinity. 

(1) A space X has the n-DD^'^'^^ -property if and only if the diagonal of X^ is 
a homotopical Zn-set in X^ . This can be written as 

AZn = n-DD^"'"> 

(2) An LC'^ -space X has the 0-T>D^^'"^^ -property provided the set Zn{X) is 
dense in X. This can be written as: 

LC° nZ„ C 

(3) // a metrizable separable Baire (LC"-) space X has the 0-DD^O'"> -property 
then the set of (homotopical) Zn-points is a dense Gs-set in X: 

Br n LC" n c Z„ 



(4) // each point of a space X is a homotopical Z^+k-point, then X has the 
m-DD^^''^ -property: 
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-k C m 



(5) If a topological space X has either the n-DD{"'0}_ ^/jg 0-DD{"^"> -property, 
then each point of X is a homotopical Zn-point: 



(6) // a Tychonoff space X has the 2 -DD^^'^^ -property, then each point of X is 
a homotopical Zi-point: 



1.8. Arithmetics of m-DD'f"'*^^-properties. In this subsection we study the be- 
havior of the TO-DD'f "'''"'' -properties under arithmetic operations. The combination 
of the results from this subsection and Propositions EHH] provides convenient tools 
for detecting the m-DD^"''''^-properties of more complex spaces (like products or 
manifolds) . 

For a better visual presentation of our subsequent results, let us introduce the 
following operations on subclasses A,Bc Top of the class Top of topological spaces: 

Ax B = {Ax B : Ae A, B e B}, 



A^ 



A 

- = {X e Top -.BB e B with X X B eA}, 
^{A'' -.AeA} and ¥A = {A e Top : A'' E A}. 



A space X will be identified with the one-element class {X}. So X x A and 



means {X} x A and 



A_ 

{xy 



A 

X 



We recall that m-DD'f"''^'' stands for the class of all spaces possessing the m-DD'f"''^'^- 
property and LC" is the class of LC"-spaces. 

Theorem 11 (Multiplication Formulas). Let X,Y be metrizable spaces and 
ki,k2,k, ni, n2, n, mi,m2,m be non-negative integers or infinity. 

(1) (First Multiplication Formula) 

IfX has the m-DD^"''''^^ -property andY has the m-DD^"''^^^ -property, then 
the product X xY has the m-DD^'^''^^'^''^'^^^ -property. This can be written 
as 



(2) (Second Multiplication Formula) 

If X has the m-DT)^"^'''^^ -property and Y has both the m-DB^"'^'^^ - and 
m-DD^"-^'''^ -properties, where n = m -\- n2 + 1 and k = ki -\- k2 -\- 1, then 
the product X xY has the m-DY)^'^'''^ -property. This can be written as 



(3) (Multiplication by a cell) 

IfX has the m-DD^^^'^^ -property, then for any d < m + 1 the product x X 
has the (m — d)-DD^'^^"''^~^''^ -property. This can be written as 
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Remark 1. Let us mention that, since M G O-DD'^^'"^, the second multiphcation 
formula imphes the following result of W. Mitchell |WM[ Theorem 4.3(3)] (see 
also R. Daverman jPall Proposition 2.8]): If X is a compact metric ANR-space 
with X e 0-DDtP-P+i>, ^Yycb. X xM. e 0-DD{P+i'P+i>. Moreover, Theorem [ni2) 
yields X X ]R™+P+i e to-DD{"+p+1''=> for any metrizable space X € to-DD^"''^^ n 
TO-DD'f"+P+^''^^^^. The partial case of this result when m = and p — 1 was 
provided by W. Mitchell in |WM1 Theorem 4.3(2)]. Similarly, we can see that 
Theorem [TlT 3) generalizes the following result of D. Halverson |Halj : If X is a 
locally compact ANR with X e l-DD^^-^\ then X xRe 0-05^2.2}. 

Next, we consider the so-called base enlargement formulas expressing the m-DD^"'''>- 
property via 0-DD"f" ''^ ^-properties for sufficiently large n',k'. 

Theorem 12 (Base Enlargement Formulas). Let X be a metrizable space and 
n,k,m, mi, m2 be non-negative integers or infinity. 

(1) IfX possesses t/ie 0-DD{"+™1''=+™2>-, mi-DD{"^'=+™-'"i>-, and 
m2-T)D^^^™^"^^'''^ -properties simultaneously with m — mi + TO2 + 1; then 
X has the m-DD^^^'''^ -property. This can be written as 

(2) If X e 0-DD^"''=+"+i> n m-DD^"+i''^>, then X has the (m + 1)-DD^"^'=>- 
property. This can be written as 

Q_jyj^{n,k+m+i} n m-DD{"+i''=> C (m + 1)-DD^"''''> 

(3) X has the m-T)T>^'^-^^ -property if X has the 0-DD^"-+^'''+^^ -property for all 
i,j £ Lo with i + j < m + 1. This can be written as 

The second base enlargement formula implies that if X is a metrizable space with 
X e 0-DD{1'2>, then X e l-UD^^-^^ This resuh was established by D. Halverson 
}Halj in the particular case when X is a separable locally compact ANR. 

1.9. rn-DD^"''^^-properties of products. In this subsection we apply the arith- 
metic formulas from previous subsection to establish the m-DD'f"''^^-properties of 
products. 

Theorem 13. Let m, n, k, d, I be non-negative integers and L, D be metrizable 
spaces such that L has the -property and D has the -property. 

If m-\- n -\- k < 2d + I, then the product D'^ x has the m-DD^"''^'^ -property. This 
can be written as 

(0-DD{0-0>)' X (0-DD{0''*+'})'' C n m-DD{"^^> 

m+n+k<2d+l 

Combining Theorem [13] with Theorem |4l Proposition [2] and Proposition [8] we 
obtain 

Theorem 14. Let l,d be non-negative integers or infinity and L, D be completely 
metrizable locally path- connected spaces such that L has no isolated points and D is 
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1- dimensional without free arcs. Then the product D'^ x has the m-T)!}^ -property 
for all m,n € uj with m + 2n < 1 + 2d. Consequently, ifp:K-^M is a perfect map 
between paracompact submetrizable spaces with dim M + 2 diniA (p) < I + 2d, then 
any simplicially factorizable map f : K ^ D'^ x L' can he approximated by maps 
injective on each fiber of p. 

The case m — from Theorem [HI yields 

Corollary 2. Let L, D be completely metrizahle ANR's such that L has no isolated 
points and D is 1-dimensional without free arcs. Then the product D'^ x L' has the 

DD"P for all n < d + —. Consequently, for any compact space X of dimension 
dim X < d+ — the set of all embeddings is dense Gg in the function space C {X, D'^ x 

Remark 2. Corollary [2] generalizes many (if not all) results on embeddings into 
products. Indeed, letting L = R to be the real line and £> to be a dendrite with a 
dense set of end-points we obtain the following well known results: 

• the case d — and I — 2n+l is the Lefschetz-Menger-Nobeling-Pontrjagin 
embedding theorem that has DD"P; 

• the case d = n + 1 and Z = is the embedding theorem of P. Bowers [Bow] 
that has DD"P; 

• the case d = n and Z 1 is the embedding theorem of Y. Sternfeld |Ste] 
that D" X I has DD"P; 

Also, for d = and m = Theorem [TJj is close to the embedding theorem from 
T. Banakh, Kh. Trushchak [BTr] while for / = and m = it is close to that one 
of T. Banakh, R. Cauty Kh. Trushchak, L. Zdomskyy jBCTZ) . 

Remark 3. Letting d — and L = R in Theorem [TU we obtain the Pasynkov's 
result jPalj asserting that for a map p : X ^ Y between finite-dimensional metriz- 
ahle compacta the function space C'^x, M'^'"^^+^'^™^p'+^) contains a dense G^-set 
of maps that are injective on each fiber of the map p. 

Therefore, Theorem [Mj can be considered as a generalization of [Pal]. However, 
Theorem [T^j does not cover another generalization of the Pasynkov's result due 
to H.Toruhczyk [To4] : If p : X Y is a map between compacta, then the space 
C(X, R'^™'^"'"'^™^^'^^'^) contains a dense Gg-set of maps that are injective on each 
fiber of the map p. 

Taking into account that the Euclidean space R'' has the m-DD^"'*''^-properties 
for all m, n, k with m + n + k < d, we may ask whether the this theorem of 
H.Toruhczyk is true in the following more general form. 

Problem 1. Let p : K ^ M be a map between finite- dimensional compact met- 
ric spaces and X be a Polish AR-space possessing the m-DT)^^^ ''^ -property for all 
m,n,k with m + n + k < dim if -|- dim(p). Does p embed into the projection 
pr: M X X ^ M? 

Let us also note that the mentioned above result of H.Toruhczyk would follow 
from our Theorem [1] if the following problem had an affirmative answer. 

Problem 2. Let f : X Y be a k-dimensional map between finite- dimensional 
metrizable compacta. Is it true that there is a map g : Y Z to a compact space 
Z with dimZ < dimX — k such that the map g o f is still k-dimensional? 
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1.10. A short survey on homological Z„-sets. The most excitmg resuhs on 
m-DD't"''''^ -properties (hke multiplication and fc-root formulas) are obtained by 
using homological Z„-sets. In this subsection we survey some basic facts about 
such sets, and refer the interested reader to ^BCK) where all these results are 
established. We use the singular homology with coefficients in an Abelian group 
G. If G = Z, we write Hk{X) instead of Hk{X;Z). By H^{X;G) we denote the 
singular homology of X reduced in dimension zero. 

It can be shown that a closed subset A of a topological space A is a homotopical 
Zn-set in X if and only if for every open set U C X the inclusion U \ A ^ U 
is weak homotopy equivalence, which means that the relative homotopy groups 
Trk{U,U \ A) vanish for all fc < n + 1. Replacing the relative homotopy groups by 
relative homology groups, we obtain the notion of a homological Z„-set. 

A closed subset A of a space X is defined to be 

• a G -homological Zn-set in X for a coefficient group G if Hk{U, U\A; G) = 
for all open sets U C X and all fc < n + 1; 

• an 3G -homological Zn-set if A is a G- homological Zn-set in X for some 
coefficient group G; 

• a homological Zn-set if A is a Z-homological Zn-set in X (equivalently, if 
A is a G- homological Zn-set for every coefBcient group G). 

In |DW) homological Zoo-sets are referred to as closed sets of infinite codimension. 
On the other hand, the term "homological Z„-set" has been used in [JSj . |BCK| . 
[Bq . and [BR) . 

The following theorem whose proof can be found in [BCKl Theorems 3.2-3.3] 
describes the interplay between various sorts of Z„-sets. 

Theorem 15. Let X be a topological space. 

(1) Each homotopical Zn-set in X is both a Zn-set and a homological Zn-set; 

(2) Each Zn-set in an hC^ -space is a homotopical Zn-set; 

(3) A set is a homotopical Z^-set in X iff it is a 3G -homological Zg-set; 

(4) Each 3G -homological Zi-set in X is a Zi-set; 

(5) // X is an LC -space, then a homotopical Z2-set in X is a homotopical 
Zn-set if and only if it is a homological Zn-set. 

The last item of this theorem has fundamental importance since it allows ap- 
plication of powerful tools of Algebraic Topology for studying homotopical Z„-sets 
and related m-DD^"''^^-properties. 

The study of G-homological Z„-sets for an arbitrary group G can be reduced to 
considering Bockstein groups. Under the notations below, 

• Q - the group of rational numbers; 

• Zp = Z/Zp - the cyclic group of a prime order p; 

• Qp ~ {z ^ C : 3k £ N zP'^ = 1} - the quasicyclic p-group; 

• Rp — : m E Z and n G N is not divisible by p}, 

the Bockstein family cr(G) of a group G is a subfamily of {Q, Zp, Qp, Rp : p E H}, 
where 11 is the set of prime numbers, such that 

• Q e (t(G) iff G/Tor(G) is divisible; 

• Zp e cr(G) iff the p-torsion part p-Tor(G) is not divisible by p; 

• Qp e cr(G) iff p-Tor(G) ^ is divisible by p; 

• Rp £ <j[G) iff the group G/p-Tor(G) is not divisible by p. 
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Here 

Tor(G) = {x e G : 3n G N n • a; = 0} and p-Tor(G) = {x G G : 3A: e Z • x = 0} 
is the torsion and p-torsion parts of G. In particular, o'(Z) = {Rp : p E H}. 

Theorem 16. Let A be a closed subset of a space X , G be a coefficient group, and 
p be a prime number. 

(1) A is a G-homological Zn-set in X if and only if A is an H -homological 
Zn-set in X for all groups H € cr(G). 

(2) If A is a Rp -homological Zn-set in X, then A is a Q-homological and Zp- 
homological Zn-set in X . 

(3) If A is a Ijp -homological Zn-set in X, then A is a Qp-homological Zn-set 
in X . 

(4) If A is a <Qp-homological Zn+i-set in X, then A is a Zp-homological Zn-set 
in X . 

(5) A is a Rp -homological Zn-set in X provided A is a Q-homological Zn-set 
in X and a Qp-homological Zn+i-set in X. 

By analogy with multiplication formulas for the TO-DD^"''^^-properties, there 
are multiplication formulas for homotopical and homological Zn-sets, see |BCK[ 
Theorem 6.1]). 

Theorem 17. Let A C X , B C Y be closed subsets in Tychonoff spaces X, Y. 

(1) If A is a homotopical Zn-set in X and B is a homotopical Z^-set in X 
then A X B is a homotopical Zn+m+i-set in X x Y; 

(2) If A is a homological Zn-set in X and B is a homological Zm-set in X then 
Ax B is a homological Zn+m+i-set in X x Y . 

Surprisingly, the multiplication formulas for homological Z„-sets can be reversed: 

Theorem 18. Let n.m £ uj U {oo}, k £ uj, and A C X , B C Y be closed subsets 
of the spaces X and Y . Let 2) — {Q, Qp : p € 11} and for every group G £ let 
Bg C Y be a closed subset which fails to be a G-homological Zm-set in Y . Then 
we have: 

(1) A is a homological Zn-set in X if and only if A^ is a homological Zkn+k-i- 
set in X^ ; 

(2) If A X B is an ¥ -homological Zn+m-set in X x Yfor some field ¥ , then 
either A is an ¥ -homological Zn-set in X or B is an ¥ -homological Zm-set 
in Y ; 

(3) If Ax B is a homological Zn+m-set in XxY , then either A is a homological 
Zn-set in X or B is an 3G -homological Zm-set in Y ; 

(4) A is a homological Zn-set in X provided A x Bq is a homological Zn+m-set 
in X X Y for every group G G S). 

Theorem [18] is the principal tool for the proof of fc-root and multiplication for- 
mulas about the classes m-DD^"'*^''. We first discuss fc-root and division formulas 
for the classes Z„, Z„, and Zn because they are tightly connected with the classes 

Let us start with some definitions. A point x of a space X is defined to be a 
homological Zn-point if its singleton {x} is a homological Zn-set in X. By analogy, 
we define G-homological and 3G-homological Z„-points. 
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Let Z^{X) denote the set of all G-homological Z„-points in a space X and Z„ 
(resp., Z^) be the class of Tychonoff spaces X such that the set Z^{X) is dense 
in (resp., coincides with) X. We also recall that Z„ (resp., Z„) stands for the 
class of Tychonoff spaces X such that the set Z„(X) of homotopical Z„-points of 
X is dense in (resp., coincides with) X . Using these notations. Theorem [TSl can be 
written in the following form. 

Theorem 19. Let n G w U {00} and G he a non-trivial Abelian group. 

(1) Z„ C Z| C 

(2) Zo = Zg = Zq ; 

(3) LC^ nZf C Zi; 

(4) LC^nZanZj CZ„; 

(5) LC^ n BrnZanz^ c z„. 

The last item of Theorem [TOl follows from the fact that each of the sets Z„(X) 
and Z^(X) is Gs in X provided X is a separable metrizable LC"-spacc [BCKj 
Theorem 9.2]. 

In its turn, Theorem 1171 implies multiplication formulas for the classes Z„, Z„, 
and Zl : 

Theorem 20 (Multiplication Formulas). Let n,m ^ to U {00}. Then 

(1) Z„ X ZmC 

(3) Z„ X Z-nfi C Zm+n+l! 

(4) 2„ X Z„ C Z„_^,„_^]^. 

The multiplication formulas can be reversed, which yields division and fc-root 
formulas for the classes Z^ (we recall that, for a class A, we put ^/A — {X : X^ e 
A}). 

Theorem 21 (fc-Root Formulas). Let n G w U {00} and A: € N. 

(1) A space X belongs to the class Z^ if and only if X^ belongs to Z^„^j,_j^; 



(2) A metrizable separable Baire LC 



/cn+fc— 1 



space X belongs to the class Z„ if 



and only if X^ belongs to Z 



kn+k— 1 • 



Z„ D 



'' kn-\-k 



\nk-\-k— 1 



n Br 



To state the division formula for the classes Z^ and Z„ we need some more 
notations (which will be used for the classes m-DD'f"''^'' as well). Consider the 
following classes of topological spaces: 

• iicZn = ^{2^n : G is a non-trivial Abelian group}; 

Q Q 

• UgZ„ — U{Z„ : G is a non-trivial Abelian group}; 

Q 

• 3o Ug Z„ , the class of spaces containing a non-empty open subspace U G 
UgZ^. 
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For example, the space M" belongs to none of these classes. 

Now, we can state the division formulas for the classes and Z„ (recall that if A 
A 

and B are two classes, then — stands for the class {X e Top : 3B G B with XxB E 
A}). 

Theorem 22 (Division Formulas). Let n € a; U {00} and k E lu. 

(1) A space X belongs to the class if and only if X x Y E Zf^_^f. for some 
space Y ^ Ug-Z^. This can be written as 



Top \ (JaZjf 



(2) A metrizable separable Baire LC" -space X belongs to the class Z„ if and 

2i G 

only if X X Y E for some space Y ^ 3oUg Z^ . This can be written 

as 



Br n LC" n ^"+^' _g c zl 

Top \ BoUc-Zfc 



Because of the division formulas, it is important to detect the spaces X ^ UaZ^. 
It turns out that this happens for every metrizable space X of dimension dim X < n, 
or more generally of transfinite separation dimension trt(X) < n + 1. The latter 
dimension can be introduced inductively (see [ACP] ) : 

• trt{X) = -1 iS X = 0; 

• trt(X) < a for an ordinal a if each closed subset A C X with |^| > 
1 contains a closed subset B (Z A such that trt(i?) < a and A \ B is 
disconnected. 

A space X is called trt- dimensional if trt(X) < a for some ordinal a. For a trt- 
dimensional space X we put trt{X) be the smallest ordinal a with trt{X) < a. 

By [ACP) ■ each compact metrizable trt-dimensional space is a C-space. On the 
other hand, a Cech-complete space is trt-dimensional if it can be written as the 
countable union of hereditarily disconnected subspaces, see [Raj . It is easy to see 
that for a finite-dimensional metrizable separable space X we get trt(X) < dim(X). 
Moreover, if X is finite-dimensional and compact, then trt{X) = dim(X), see ptj . 

The following theorem was proved in [BCKI and |BCj . 

Theorem 23. Let X E UgZ^ for some n EujD {00}. 

(1) If n < 00, then trt{X) > n; 

(2) If n ^ 00, then X is not trt-dimensional; 

(3) If n = 00 and X is locally compact and locally contractible, then X is not 
a C-space. 

Consequently, for any metrizable separable space X E UgZ^ we have dimX > 
trt{X) > n. A similar inequality holds for cohomological and extension dimensions 
of X. We recall their definitions. 

For a space X and a Ciy-complex L we write e-dimX < L if each map f : A ^ L 
defined on a closed subset A C X admits a continuous extension f : X L, see 
[DDj for more information on Extension Dimension Theory. It follows from the 
classical Hurewicz-Wallman Theorem |Enl| 1.9.3] that e-dimX < S"" iff dimX < n. 
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The cohomological dimension with respect to a given Abelian group G can be 
expressed via extension dimension as follows: define dime X < n \i c-AvmX < 
K{G,n), where K{G,n) is the Eilenberg-MacLane complex of type {G,n), and let 
dime X be the smallest non-negative integer with dime X < n. If there is no such 
an integer n, we put dim^j X = oo. 

Theorem 24. Let n E u and X G be a locally compact LC"' -space. Then 

(1) dime X > n for any Abelian group G; 

(2) e-dimX ^ L for any CW -complex L with a non-trivial homotopy group 
■nk{L) for some k < n. 

1.11. Homological Z„-sets and m-DD'f"'''^-properties. In this subsection we 
discuss the interplay between the classes and m-DD^^''^\ The following two 
theorems present homological counterparts of the formulas 

n-DD^"^°> C Z„ C Pi m-DD{°''=> and 

m+A;<n 

Br n LC" n 0-DD^°'"> C LC° n Z„ C 0-DD^°'"^ 
from Theorem 1101 

Theorem 25. Let X be a Tychonoff space and n € a; U {oo}. 

(1) // an LC^ -space X has the '2 -Y^Y)^^''^^ -property, then each homological Zn- 
point in X is a homotopical Zn-point: 

LC^ n 2-dd{"'2} nz^cZn 

(2) If a metrizable separable Baire LC"" -space X has the -property and 
contains a dense set of homological Zn-points, then X contains a dense set 
of homotopical Zn-points and X £ 

LC" n Br n o-dd{"'2} n zl c z„ 

(3) If X has the {2n + 1)-DD^^'^^ -property, then each point of X is a homo- 
logical Zn-point: 

(2n+l)-DD{o^"> CZ,? 

(4) If X has the 2n-DD^^'^^ -property, then each point of X is a G-homological 
Zn-point for any group G with divisible quotient G/Tot{G). Consequently, 



2n-DD{0'0> c n n n z^) 



Theorem 26. Let m,m,k be non-negative integers or infinity. 

(1) // each point of an LC^ -space X with the 2 -DD^^''^^ -property is a homolog- 
ical Zm+k-point, then X has the m-DD^^'''^ -property. This can be written 
as 

(2) // a metrizable separable LC'' -space X has the -property and con- 
tains a dense set of homological Z^-points, then X has the O-DD^'^''^^- 
property. This can be written as 
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LC'= n n o-dd{0'2} ^ o-dd{"''=> 

(3) // each point of a metrizahle separable hC^ -space X is a homological Z^+n+k- 
point andX has the m-DD^^''^^^^^^'^^^ -property, then X has t/ie m-DD^"''"'^- 
property. This can be written as 

(4) // each point of an LC^ -space X is a homological Zm-point and X G 
2-DD{o,o}^ t/ien X has the m-UD^^'^^ -property. This can be written as 



(5) // each point of an LC^ -space X is a G -homological Z2-point for some 
group G, then X has the DD^P. If in addition X is a metrizable \jG^ -space 
containing a dense set of homotopical Z2-points, then X € 2-00"^"^°^ 

LC° n (UgZ^) C 0-DD{1'1> and LC^ n Z2 n (UcZf ) C 2-DDt"'0} 

1.12. Homological characterization of the 0-DD^" '^'^-property. In this sub- 
section we prove a quantified version of the homological characterization of the 
0-DD^°°'°° '■-property due to Daverman and Walsh jPWj . 

First, we provide a homotopical version of the Daverman- Walsh result. 

Theorem 27. Letn,k be finite or infinite integers [with n < k). A Polish (LC'^)- 
space X has the 0-T)T)^"^'''^ -property if {and only if) there is a countable family 
T of (n- dimensional compact) homotopical Z^-sets in X such that each compact 
subset K <Z X\ \JJ- is a homotopical Zn-set in X . 

Under some mild assumptions on X it is possible to replace the homotopical 
conditions in Theorem 1271 bv homological ones. 

Theorem 28. A Polish LC™''''^"^''^^ -space X e O-DD^^^s} has the 0-DDi"^'=>- 
property provided each point of X is a homological ^2+max{n,fe}-pomt and there 
is a countable family T of homological Zk-sets in X such that each compact subset 
K C X \ is a homological Zn-set in X . 

This theorem implies another characterization of O-DD'^"'''^'^ in terms of approxi- 
mation properties defined as follows. We shall say that a topological space has the 
n-dimensional approximation property (briefly, AP[n]) if for any open cover U oi X 
and a map / : I" — > X there is a map g : I" — > X such that g is Z^-homotopic to / 
and trt(g(I")) < n + 1. Here we assume that a < 00 + 1 for each ordinal a (which 
is essential if n = 00). 

Observe that each LC°-space has AP[0] and each LC^-space has AP[1]. 

Theorem 29. // each point of a Polish LC™^''^"''^^ -space X is a homological 
Zn+k-point and X has the properties AP[n] and then X has the 

Q.jyoln.k}. property. This can be written as 
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1.13. TO-DD^" '"'^-properties of locally rectifiable spaces. There is a non-trivial 
interplay between m-DD^"'*'''-properties for spaces having a kind of a homogeneity 
property. We recall that a space X is topologically homogeneous if for any two 
points xo,x G X there is a homeomorphisni hx ■ X ^ X such that hx{xQ) = x. 
If the homeomorphism hx can be chosen to depend continuously on x then X is 
called rectifiable at a;o- 

More precisely, we define a topological space X to be locally rectifiable at a point 

G X if there exists a neighborhood U of xq such that for every x E U there is a 
homeomorphism hx '■ X ^ X such that hx{xo) — x and hx continuously depends 
on X in the sense that the map H : U x X ^ U x X , H : {x, z) i-^ {x, hx{z)) is a 
homeomorphisni. If [/ ^ X, then the space X is called rectifiable at xq. 

A space X is called (locally) rectifiable if it is (locally) rectifiable at each point 
x G X. Rectifiable spaces were studied in details by A.S. Gulko [Gul] . The class 
of rectifiable spaces contains the underlying spaces of topological groups but also 
contains spaces not homeomorphic to topological groups. A simplest such an ex- 
ample is the 7-dimensional sphere S"^, see [Us89J. It should be mentioned that 
all finite-dimensional spheres 5" are locally rectifiable but only , and 5^ are 
rectifiable (this follows from the famous Adams' result [Adj detecting i/-spaces 
among the spheres). It can be shown that each connected locally rectifiable space 
is topologically homogeneous. On the other hand, the Hilbert cube is topologically 
homogeneous but fails to be (locally) rectifiable, see [GuT. 

By CTZ we denote the class of Tychonoff locally rectifiable spaces. 

Theorem 30. Let X be a locally rectifiable Tychonoff space. 

(1) If X has the m-DD^^''^^ -property, then each point of X is a homotopical 
Zm+k-point: 

(2) If X has the m-DD^^''^^ -property, then X has i-DT)^^'^^ -properties for all 
i,j with i + j < 771 + k: 

(3) // either X € Zm+p or X £ Z,^_^_p O LC^ , then the product X x Y has the 
m-DD^"-'''^P^^^ -property for each separable metrizable hC'' -space Y pos- 
sessing the m-DD^^^''^^ -property with n < k. This can be written as 



Remark 4. Since e Zg-i is rectifiable. Theorem [301 3) implies that the prod- 
uct X X M^+P has the m-DD^"'''+'''-property for any separable metrizable LC'"- 
space having the m-DD'f"'''"'-property with n < k. This result was established by 
W. Mitchell [WM| Theorem 4.3(1)] in the case X is a compact ANR and m = 0. 
Moreover, a particular case of Theorem [301 1) when X is an ANR and to = was 
also established in jWMj . 

1.14. fc-Root and Division Formulas for the TO-DD^^"''"'^-properties. In this 
section we discuss fc-root and division formulas for the TO-DD^"'''''-properties, one 
of the most surprising features of these properties. 
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Theorem 31. (A;- Root Formulas) Let n be a non-negative integer or infinity and 
k be a positive integer. 

(1) IfX is anL&-space with 2 -DD^^'^^ -property and € (fcn+fc-l)-DD{0'0>, 
then X has the n-DD^"'"^ -property. This can be written as 



L& n 2-DD{0'0> n ^{kn + k-l)-DB{0'0} c n-BD^° 



0} 



(2) If X is a separable metrizable LC''"'~^''~^ -space with the O-BB^^'"^^ -property 
andX'' has the 0-DD^°''^"+'=~^^ -property, then X has the O-BB^^''^^ -property. 
This can be written as 



To write down division formulas for the m-DD^"'*^^ -property, let us introduce 
two new classes in addition to the classes Ug-Z^ and 3oUg -Z^ : 

• Z^"^ - the class of spaces X with all a; € X being 3G-honiological Z„-points 
in X; 

• i^Z^ - the class of spaces X whose diagonal Ax is an 3G-homological 
Z„-set in X"^ . 

Note that any at most n-dimensional polyhedron belongs to none of the last two 
classes. 

Theorem 32. (Division Formulas) Let n < k be non-negative integers or infinity 
and m a non-negative integer. 

(1) An hC^-space with the 2-BB^'^'^^ -property has the n-BB^^''^^ -property pro- 
vided X X Y has the [n -\- m)-BB^^ -property for some space Y whose 
diagonal Ay fails to be a 3G-homological Zm-set in Y^. This can be writ- 
ten as 



L& n 2-DD{0'0> n 



(n + m)-DD^°-°> 
Top\AZ^G 



C n-DD{0'0} 



(2) A separable metrizable LC"+™-space X e O-DD^O'^} has the 0-DD{0'">- 

property provided, X xY has the 0-DD^"'"^™^-propert?/ for some metrizable 
separable Baire LC""*"™ -space Y that contains no non-empty open set U G 



0-DD^°'"+'"'' 



BrnLC"+'"\3oUG2:; 



c o-dd{°'"> 



(3) A separable metrizable LC "'-space -property 
has the 0-BB^"-'^^ -property provided X xY has i/ie 0-DD^"+'"'*^+'"^-properi2/ 
for some metrizable separable LC*^"*"™ -space Y ^ . This can be written 
as 



k-\-2 



n r\T){n-\-m,k-\-m} 
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(4) A separable metrizable LC''+™ -space X £ Z^+k+m possessing the O-DD^^'^^- 
property has the O-DD^'''''^ -property provided XxY has t/ie 0-DD{"+"'"+">- 
property for some metrizable separable LC"^™ -space Y ^ UgZ^*^. This can 
be written as 



r\_T\Y\{n+m,n+m} 



1.15. Characterizing TO-DD^"''^^-properties with m,n,k S {0,oo}. In this 
subsection we apply the results obtained in preceding subsections to the case of 
TO-DD'f"^''''^-properties with m,n,k € {0, cx)}. Let us note that the O-DD't^^'^J' has 
been characterized in Proposition[8]while cx)-DD^°°'°°'' is equivalent to 0-DD^°°'°°\ 
So, it suffices to consider only the properties: 0-00^*^'°°}, cx)-DD^°'''>, oo-DD^°'°°>, 
and 0-DD{°°'°°>. These properties can be characterized in terms of homotopical or 
homological Zoo-points as follows: 



Corollary 3. (1) A topological (LC^-) space X has the oo-DD^^ °°^ -property 
iff all points of X are homotopical Zoo -points 

{iff all points of X are homotopical Z2-points and X has oo -BD^°-^'i -property): 
Z2 n cx)-DD^"-°> n LC^ C oo-DD^O'°°> = Zoo 

(2) An LC^ -space X has the 00 -DD^'^'^^ -property 

iff X £ and all points of X are homological Z^o-points: 

n 2-DD{0'0} n LC^ C oo-DD{0'0> C 

(3) A Polish LC°° -space X has the 0-DD{'''°°> -property 
iff X has a dense set of homotopical Zoo-points 

iffXe 0-DD{"'2} andX has a dense set of homological Zoo-points: 

z^ n o-dd{"'2} n LC°° c o-dd{0'°°> and {)-\m^^'°°^ n LC°° n n§ c Zoo 

(4) // each point of a metrizable separable 1jC°° -space X is a homological Zoo- 
point and X has the properties AP[oo\ and 

0-DD^2'2}^ then X has the 

0-lyDi°°'°°^ -property: 

z^ n o-dd{2'2} n lc°° n ap[cx)] c oo-dd{°°'°°> = o-dd{°°'°°> 



According to the famous characterization of Hilbert cube manifolds due to Toruhczyk 
[To 2] ■ a locally compact ANR-space X is a Q-manifold if and only if X has the 
0-DD'f°°'°°^-property. Combining this characterization with the last item of Corol- 
lary [3] we obtain a new characterization of Q-manifolds. 

Corollary 4. A locally compact ANR is a Q-manifold if and only if 

• X has the disjoint disk property; 

• each point of X is a homological Zoo -point; 

• each map f : l°° — >■ X can be uniformly approximated by maps with tri- 
dimensional image. 

Next, we discuss /c-root formulas for 7Ti-DD^"''^^-properties with m,n,k £ {0, 00}. 
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Corollary 5. (fc-Root Formulas) 

(1) An LG^ -space X has the oo-DD^°'°> -property if and only if X € 2-DD^°'°> 
and X^ e oo-DD^^'*^^ for some finite k. This can be written as 

oo-DD^o.o} 3 Voo-DD{o.o} n 2-DD{0'0> n LC^ 

(2) A metrizable separable LC°° -space X has the 0-DD{0'~> -property if and 
only ifXG O-DD^O-^} and X^ e 0-DD{0'°°> for some finite k. This can be 

written as 

o-dd{°>°°> d Vo-dd{0'°°} n o-dd{°>2} n lc°° 

(3) An LC^-space X has the oo-DDi"'°°> -property iff X has the 2-DD^"'2}_ 
property and X'^ G cxd-DD^°'°°^ for some finite k. This can be written as 



oo-DD{0'°°> d \/oo-DD{o,oo} n 2-DD{°'2} n LC^ 



(4) A metrizable separable hC^ -space X has the 0-DD{°°'°°> -property if X has 
the 0-DD{2.2}. property, X e AP[oo] and X^ e 0-DD{°°'°°> for some finite 
k. This can be written as 



0-DD{°°'°°> D Vo-DD{°°'°°} n 0-DD{2.2} n LC°° n AP[oo] 



Finally, we turn to division formulas for the m-DD{"''^J^-properties with m,n,k G 
{0,oo}. 

Corollary 6. (Division Formulas) 

(1) An L& -space X has the (X)-DD^°'°> -property provided X has the 2-DD{°'°>- 
property and the product X xY has the oo-DD't°'°^ -property for some space 
Y ^ Ug-Z^. This can be written as 



--™'°"ln2-DD(o-o)nLr^ 



Top \ VaZg 



(2) An -space X has the oo-DD{°'°°> -property provided X has the 2-DD{°'2}- 

property and the product XxY has the oo -T)T)^^'°°^ -property for some space 
Y ^ Ug-Z^. This can be written as 



oo-DD{°'°°> d 



Top \ UaZg 



n 2-DD{0'2} n LC^ 



(3) A metrizable separable LC°° -space X has the 0-DD^°°'°°^ -property provided 
X e 0-DD{2.2} andXxY has the 0-DD^°°'°°> -property for some separable 
metrizable LC°° -space Y ^ UqZ^. This can be written as 



Top \ UaZg 



(4) A metrizable separable LC°° -space X has the 0-DD't°'°°^ -property provided 
X e 0-DD^°'^^ and the product XxY has the 0-DD^°'°°^ -property for some 



metrizable separable LC°° -space Y ^ 3oLIg2^. This can be written as 
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Top \ 3oUgZ^ 



The third item of Corollary [6] combined with the Tormiczyk's characterization of 
Q-manifolds implies the following division theorem for Q-manifolds proven in [BCj 
and implicitly in |DW| . 

Corollary 7. A space X is a Q-manifold if and only if the product X x Y is a 
Q-manifold for some space Y ^ Ug-Z^ . 

1.16. Dimension of spaces with the r7i-DD"-property. In this section we study 
the dimensional properties of spaces possessing the m-DD"-property. 

Theorem 33. // a metrizable separable space X has the m-DT)^^ -property, then 

1- ^ m+1 
dim X > n -\ — . 

This theorem combined with Theorem [T3] allows us to calculate the smallest 
possible dimension of a space X with m-DD". For a real number r let 

[rj =niax{n e Z : n < ?■} 

[r] =min{n G Z : n > r}. 

Corollary 8. Let n, m be non-negative integers and D be a dendrite with a dense 
set of end-points. 

m ^ 1 

(1) // m is odd and d ^ n A ^ — , then the power D'^ is a d- dimensional 

absolute retract with the m-DT)^^ -property. 

m + 2 

(2) Ifm is even and d — nH — , then the product D"^^^ xl is a d- dimensional 

absolute retract with the m-DT)" -property, 
m ^ 1 

Consequently, n + \ — ^ — ] is the smallest possible dimension of a compact absolute 
retract with the m-OY)^ -property. 

Theorem [33] implies that dim(X) > m + 1 for each metrizable separable space 
X with the (2m + l)-DD°-property. A similar inequality also holds also for coho- 
mological dimension. 

Theorem 34. LetX be a locally compact metrizable LG^"^ -space having the {2m + 1)-DD'^ 
property. Then dim^j X > m + 1 for any non-trivial Abelian group G. 

In some cases the condition X e (2m + 1)-DD° from Theorem l34l can be weak- 
ened to X e 2m-DD°. 

Theorem 35. Let X he a locally compact LC^™-space with the 2m-DD'^ -property 
and let G be a non-trivial Abelian group. The inequality dmiQ X > m + 1 holds in 
each of the following cases: 

(1) G fails to be both divisible and periodic; 

(2) G is a field; 

(3) X is an ANK-space. 

Theorem [35] implies the following estimation for the extension dimension of 
spaces X e m-DD^O'O}; 
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Theorem 36. Let X be a locally compact LC™ -space such that e-dimX < L for 
some CW -complex L. If X E m-DD" . then we have: 

TTl 

(1) The homotopy groups TTi{L) are trivial for all * "2"' 

(2) For n — \ rn/2\ the group TTn{L) is both divisible and periodic, and TTn{L) = 
Hn{L); 

in 

(3) 7ri(L) — for all i < — provided X is an ANR-space. 

Finally, we discuss the dimension properties of spaces X £ cx)-DD^°'"^. 

Theorem 37. Let X be a locally compact metrizable LC°° -space with i/iecx)-DD{°'°>- 
property. Then 

(1) All points of X are homological Zoo-points; 

(2) X fails to be trt- dimensional; 

(3) // e-dimX < L for some CW -complex L, then L is contractible; 

(4) // X is locally contractible, then X is not a C -space. 

The first item of this theorem follows from Theorem llOr ?). The last three items 
follow from Theorem [23^ 1) and Theorem [24l 

1.17. Some Examples and Open Problems. First, we discuss the problem of 
distinguishing between the m-DD'f"''^'^-properties for various m,n,k. Let us note 
that if an Euclidean space E has the m-DD''^"^'^^-property for some m,n,k, then 
E has the a-DD^''''^^-property for all non-negative integers a, b, c with a + b -\- c < 
n -\- m -\- k. This feature is specific for Euclidean spaces and does not hold in the 
general case. For example, each dendrite D with a dense set of end-points has 
the 0-DD<"^2}_pj.opgj.|-y fa(,t^ 0-DD^°'°°>) but doesn't have the 0-DD{i^i>- 

property. Next example from Daverman's book jDa2] shows that the properties 
O-DD'f"'^^ and are completely incomparable. 

Example 1. There is a 2-dimensional absolute retract A C K'^ with O-DD'f^^^^- 
property that fails to have the 0-DD^°'^^-property. 

Question 1. Does the space A from Example [T] possess the 2-DD'f*''°^-property? 

It follows from Theorem |32l;i) that a Pohsh LC°°-space X has the oo-Dl5^'''°>- 
property provided X x R e oo-DD^"^^} and X e 2-DD{°'°>. We do not know if the 
latter condition is essential. 

Question 2. Does a compact absolute retract X possess the cx)-DD'f"'°^-property 
provided X xl has that property? (Let us observe that X xl£ cxa-DD'^^'^^ implies 
a: X I e oo-DD{1'°°}). 

This question is equivalent to another intriguing one 

Question 3. Does a compact absolute retract X contain a ^2-point provided all 
points of the product AT x I are Zoo-points? 

Problem 3. Let X be a compact AR with the oo-UD^'^''^^ -property. 

(1) Is there any Z2-point in X7 

(2) Is X strongly infinite- dimensional ? 

(3) Is X X 1 homeomorphic to the Hilbert cube ? 
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Problem 4. Is a space X G homeomorphic to the Hilbert cube Q provided 

some finite power of X is homeomorphic to Q7 

There are three interesting examples relevant to these questions. The first of 
them was constructed by Singh in 'SinJ , the second by Daverman and Walsh in 
jDWj and the third by Banakh and Repovs in |BRj . 

Example 2 (Singh). There is a space X possessing the following properties: 

(1) X is a compact absolute retract; 

(2) X contains no topological copy of the 2-disk I^; 

(3) X X I is homeomorphic to the Hilbert cube; 

(4) All points of X except for countably many are Z2-points; 

(5) X e oo-DD^O'Oi; 

(6) X ^ 2-DD{0;2^U0-DD{2.2}; 

(7) X xle oo-DD^°°^°°>. 

Example 3 (Daverman- Walsh) . There is a space X possessing the following prop- 
erties: 

(1) X is a compact absolute retract; 

(2) X X I is homeomorphic to the Hilbert cube; 

(3) each point of X is a Zoo-point; 

(4) X e oo-DD^°'°°> n 0-DD{1'°°> 

(5) X i 0-DD{2^; 

(6) X xle oo-DD^°°'°°>. 

Example 4 (Banakh- Repovs). There is a countable family X of spaces such that 

(1) the product X x Y oi any two different spaces X,Y E X is homeomorphic 
to the Hilbert cube; 

(2) no finite power X'^ of any space X E X is homeomorphic to Q. 

It is interesting to note that there is no uncountable family X possessing the 
properties (1) and (2) from Example 4, see [BR. 

It may be convenient to describe the m-DD^"''^'' -properties of a space X using 
the following sets 

*-DD^*'*^(X) = {{m,n,k) € oj^ : X has the TO-DD{"''=>-property}, 

0_dd{*,*}(x) = {{n,k) euj^ -.X has the 0-DDt"''=>-property}, 

*-DD*(X) = {(m,n) e lu'^ : X has the m-Dl5"-property}. 

Problem 5. Describe the geometry of the sets *-DD^*^*^(X), 0-DD^*'*^(X) and 
*-DT)* (X) for a given space X. Which subsets of uj^ or uP' can be realized as the 
sets *-DD{*'*>(X), 0-DD^*'*>(X) or *-DD*(X) for a suitable XI 

In fact, we can consider the following partial pre-ordcr on the set w^: 

DD 

{m,n,k) =^ (a, 6,c) if each space X with the m-DD^"''^^-property has also the 
a-DD^''''^'^-property. 

Problem 6. Describe the properties of the partial preorder on uj^ . 

By Proposition [3f2), a paracompact space X is Lefschetz ANE[n] for a finite n 
if and only if X is an LC"~^-space. Consequently, the product of two paracompact 
ANE[n]-spaces is an ANE[n]-space for every finite n. 
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Problem 7. Is the product of two (paracompact) Lefschetz ANE[(X)] -spaces a Lef- 
schetz ANE[oo]-space? 

References 

[Ad] J.F. Adams, On the non-existence of elements of Hopf invariant one, Ann. of Math. 72 
(1960), 20-104. 

[ACP] F.G. Arenas, V.A. Chatyrko, M.L. Pucrtas. Transfinite extension of Steinke's dimension, 
Acta Math. Hungar. 88(1-2) (2000), 105-112. 

[BC] T. Banakh and R. Cauty, A homological selection theorem implying a division theorem for 

Q-manifolds, Banach Center Publ. 77 (2007), 11-22. 
[BCK] T. BanaJch, R. Cauty, and A. Karassev, On homotopical and homological Zn-sets, Topology 

Proc. (to appear). 

[BTr] T. BanaJch, Kh. Trushchak, Zn-sets and the disjoint n-cells property in products of ANR's, 
Matem. Studii 13:1 (2000), 74-78. 

[BCTZ] T. Banakh, R. Cauty, Kh. Trushchak, and L. Zdomskyy, On universality of finite prod- 
ucts of Polish spaces, Tsukuba J. Math. 28:2 (2004), 455-471. 

[BR] T. Banakh, D. Rcpovs, Division and k-th Root Theorems for Q-manifolds, Science in China 
Ser. A. 50:3 (2007), 313-324. 

[BP] C. Bessaga and A. Pelczynski, Selected Topics in Infinite- Dimensional Topology, PWN, 
Warszawa, 1975. 

[Bor] C. Borges, On stratifiable spaces, Pacific J. Math. 17 (1966), 1-16. 
[Bors] K. Borsuk, Theory of retracts, PWN, Warszawa, 1967. 

[Bow] P. Bowers, General position properties satisfied by finite products of dendrites. Trans. Amer. 

Math. Soc. 288 (1985), 739 753. 
[Ca] R. Cauty, Convexite topologique et prolongement des fonctions continues. Compos. Math. 

27 (1973), 233-273. 

[Cat] R. Cauty, Un espace metrique lineaire qui n'est pas un retracte absolu. Fund. Math. 146 
(1994), 85-99. 

[DM] T. Dobrowolski and W. Marciszewski, Rays and the fixed point property in non-compact 

spaces, Tsukuba J. Math. 21 (1997), 97-112. 
[Dal] R. Daverman, Detecting the disjoint disks property, Pa<;ific J. Math. 93:2 (1981), 277—298. 
[Da2] R. Daverman, Decompositions of Manifolds, Academic Press, Orlando, FL (1986). 
[DH] R. Daverman, D. Halverson, Path concordances as detectors of codimension-one manifold 

factors, Geometry & Topology Monographs 9 (2006), 7—15. 

[DW] R. Daverman and J. Walsh, Cech homology characterizations of infinite dimensional man- 
ifolds, Amer. J. Math. 103:3 (1981), 411-435. 

[Drl] A. Dranishnikov, Extension of maps into CW complexes. Math. USSR Sbornik 74 (1993), 
47-56. 

[Dr2] A. Dranishnikov, Cohomological dimension theory of compact metric spaces. Topology Atlas 
invited Contributions 6:3 (2001). 

[DU] A. Dranishnikov and V. Uspenskiji, Light maps and extension dimension, Topology and 
Appl. 80 (1997), 91-99. 

[DD] A. Dranishnikov and ,1. Dydak, Extension dimension and extension types, Proe. of the 

Steklov Inst, of Math. 212 (1996), 55-88. 
[Du] J. Dugundji, An extension of Tietze's theorem. Pacific J. Math. 1 (1951) 353—367. 
[Dy] J. Dydak. Cohomological dimension theory, in; Handbook of Geometric Topology (eds.: 

R. Daverman, R. B. Sher), North-Holland, Amsterdam, 2002, 423-470. 

[Ed] R. Erwards. Characterizing infinite dimensional manifolds topologically, Seminaire BOUR- 
BAKI 31e annee, n.540 (1978/79), 278-302. 

[EW] S. Eilengerg and R. L. Wilder, Uniform local connectedness and contractibility, Amer. J. 

Math. 64 (1942), 613-622. 
[Enl] R. Engelking, Theory of Dimensions: Finite and Infinite, Heldermann Verlag, 1995. 
[En2] R. Engelking, General Topology, (Heldermarm Verlag, Berlin, 1989). 
[Fu] L. Fuchs, Infinite Abelian groups, vol. 1 (Academic Press, New York and London, 1970). 
[PC] P. Gartside, Generalized metric spaces. Part I in: (K.P. Hart, J. Nagata and J.E. Vaugham, 

eds.) Encyclopedia of General Topology, Elsevier (2004), 273-275. 
[Gul] A.S. Gulko, Rectifiable spaces. Topology Appl. 68 (1996), 107-112. 



GENERAL POSITION PROPERTIES IN FIBERWISE GEOMETRIC TOPOLOGY 27 



[Gru] G. Grucnhagc, Generalized metric spaces, in: (K.Kuncn, J.E.Vaughan cds.) Handbook of 
Sct-Thcorctic Topology, Elsevier, (1984), 423-501. 

[GV] V. Gutcv and V. Valov, Dense families of selections and finite- dimensional spaces, Set- 
Valued Analysis 11 (2003), 373-391. 

[Hal] D. Halverson, Detecting codimension one manifold factors with the disjoint homotopy prop- 
erty. Topology Appl. 117 (2002), 231-258. 

[Hat] A. Hatcher, Algebraic Topology, Cambridge Univ. Press, 2002. 

[Hu] S. T.-Hu, Theory of Retracts, Wayne State University Press, Detroit 1965. 

[JS] R. Jimenez and E. Shchepin, On linking of cycles in locally connected spaces. Topology and 
Appl. 113:1-3 (2001), 69-79. 

[Kc] A. Kccliris, Classical Descriptive Set Theory, Springer, 1995. 

[Kuz] V. I. Kuz'minov, Homological dimension theory, Russian Mathematical Surveys 23 (1968), 
1-45. 

[Kr] N. Krikorian, A note concerning the fine topology on function spaces. Compos. Math. 21 
(1969), 343-348. 

[Lef] S. Lefszetz, Locally connected and related sets, II, Duke Math. J., 2 (1936), 435-442. 
[Lev] M. Levin, Bing maps and finite- dimensional maps. Fund. Math. 151 (1996), 47-52. 
[MN] G. Di Maio and S. Naimpally, Proximal graph topologies, Questions Answers Gen. Topology 
10 (1992), 97-125. 

[MHHM] G. Di Maio, L. Hola, D. Holy, and R. McCoy, Topologies on the space of continuous 

functions, Topology and Appl. 86 (1998), 105-122. 

[Ma] S. Ma.rdesic, Polyhedra and Complexes, in: in: (K.P. Hart, ,1. Nagata and J.E. Vaugham, 
eds.) Encyclopedia of General Topology, Elsevier (2004), 470-473. 

[Mc] R. McCoy, Fine topology on function spaces. Intern. J. Math. Math. Sci. 9 (1986), 417-427. 
[Ml] E. Michael, Local properties of topological spaces, Duke Math. J. 21 (1954), 163-171. 
[M2] E. Michael, Continuous selections I, Ann. of Math. 63 (1956), 361-382. 
[WM] W.J.R. Mitchell, General position properties o/ ANR's, Math. Proc. Camb. Phil. Soc. 92 
(1982), 451-466. 

[Mu] J. Munkers, Topology (Prentice Hall, Englewood Cliffs, NY, 1975). 

[N] S. Naimpally, Graph topology for function spaces, Trans. Amer. Math. Soc. 123 (1966), 267— 
271. 

[Pal] B. Pasynkov, On geometry of continuous maps of finite- dimensional compact metric spaces, 
Proc. Steklov Inst. Math. 212:1 (1996), 138-162. 

[Pa2] B. Pasynkov. On geometry of continuous maps of countable functional weight, Pundam. 
Prikl. Matematika 4:1 (1998), 155-164 (in Russian). 

[Ra] T. Radul, On the classification of sigma hereditarily disconnected spaces, Matem. Studii. (to 

appear) . 

[RS] D. Repovs and P. Semenov, Continuous selections of multivalued mappings (Math, and its 
Appl. 455, Kluwer, Dordrecht, 1998). 

[RSS] D. Repovs , A.B. Skopenkov, E.V. Scepin, On embeddability of X xl into Euclidean space, 

Houston J. Math. 21 (1995), 1999-204. 
[Si] O. Sipacheva, On a class of free locally convex spaces. Mat. Sb. 194:3 (2003), 25—52 (in 

Russian); translation in: Sb. Math. 194:3-4 (2003), 333-360. 

[Sin] S. Singh, Exotic ANR's via null decompositions of Hilbert cube manifolds, Fund. Math. 
125:2 (1985), 175-183. 
[Spa] E. Spanier, Algebraic Topology, McGraw-Hill Book Company, 1966. 
[St] Steinke, .. 

[Ste] Y. Sternfeld, Mappings in dendrites and dimension, Houston J. Math. 19:3 (1993), 483-497. 
[Tol] H. Torunczyk, Concerning locally homotopy negligible sets and characterization of I2- 

manifolds. Fund. Math. 101:2 (1978), 93-110. 
[To2] H. Torunczyk, On CE-images of the Hilbert cube and characterization of Q-manifolds, 

Fund. Math. 106 (1980), 31-40. 

[To3] H. Torunczyk, Finite-to-one restrictions of continuous functions, Fund. Math. 125 (1985), 
237-249. 

[To4] , On a conjecture of T.R. Rushing and the structure of finite- dimensional mappings, 

Geometric topology, discrete geometry and set-theory (International conference, Moscow, August 
24-28, 2004). 



28 



TARAS BANAKH AND VESKO VALOV 



[TV] M. Tuncali and V. Valov, On dimensionally restricted maps, Fund. Math. 175:1 (2002), 
35-52. 

[Tu] Y. Turygin, Approximation of k-dimensional maps, Topology and Appl. 139:1-3 (2004), 
227-235. 

[Un] S. Ungar, On locally homotopy and homology pro-groups, Glasnik Mat, 34 (1979), 151-158. 
[Us89] V. Uspenskii, Topological groups and, Dugundji spaces, Mat. Sb. 180 (1989), 1092-1118. 
[Us] V. Uspenskij, A selection theorem for C-spaces, Topology and Appl. 85 (1998), 351-374. 
[We] J. West, Topological Characterizations of Spaces, in: Encyclopedia of General Topology, 
Elsevier (2004), 337-340. 

Department of Mechanics and Mathematics, Ivan Franko National University of Lviv 

(Ukraine) and 

Instytut Matematyki, Uniwersytet Humanistyczno-Przyrodniczy Jana Kochanowskiego 
w KiELCACH (Poland) 

E-mail address: tbanakhayahoo.com 

Department of Computer Science and Mathematics, Nipissing University, 100 College 
Drive, P.O. Box 5002, North Bay, ON, PIB 8L7, Canada 
E-mail address: veskovQnipissingu.ca 



